The main motivation for this work is the exploration of rotational-vibrational states corresponding to electronic excitations in a pre-Born-Oppenheimer quantum theory of molecules. These states are often embedded in the continuum of the lower-lying dissociation channel of the same symmetry, and thus are thought to be resonances. In order to calculate rovibronic resonances, the pre-Born-Oppenheimer variational approach of [J. Chem. Phys. 137, 024104 (2012)], based on the usage of explicitly correlated Gaussian functions and the global vector representation, is extended with the complex coordinate rotation method. The developed computer program is used to calculate resonance energies and widths for the three-particle positronium anion, Ps − , and the four-particle positronium molecule, Ps 2 . Furthermore, the excited bound and resonance rovibronic states of the four-particle H 2 molecule are also considered. Resonance energies and widths are estimated for the lowest-energy resonances of H 2 beyond the 3Sup continuum.
Introduction
The present work is devoted to conceptual and computational problems in pre-BornOppenheimer (pre-BO) molecular structure theory. Without the Born-Oppenheimer (BO) approximation, [1] [2] [3] in a "pre-BO world", we can gain in accuracy for the numerical results but loose a central paradigm for the well-accustomed concepts of chemistry. The reconstruction or interpretation of many common chemical concepts becomes a real challenge. One of these famous challenges, the problem of the quantum structure of molecules has been recognized long ago [4] [5] [6] [7] and studied by many authors.
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In the present work we address another challenge, the status of electronically excited rotational-vibrational states in a pre-BO quantum mechanical description. In a pre-BO description there are no electronic states with corresponding potential energy curves or surfaces on which the rotational-vibrational Schrödinger equation could be solved. In addition, rotational-vibrational states corresponding to electronic excitations are often embedded in the lowest-lying dissociation channel of the system, 1, prone to predissociation. 21 These rovibronic states are thus accessible in a pre-BO description only as resonances. These rovibronic resonances are characterized with some energy and width corresponding to a finite non-radiative (predissociative) lifetime. Our aim is to explore how these properties can be calculated in a pre-BO approach.
As to the numerical results, there are practical approaches used for the calculation of quasi-bound states in molecular science. [22] [23] [24] The stabilization technique, a very simple computational tool has been used to identify resonances and to estimate the resonance energy [25] [26] [27] and can also be extended to the calculations of the width. [28] [29] [30] [31] The complex coordinate rotation method 32-34 is a neat mathematical approach for the calculation of the resonance energy and width, and has been used in several cases, 23, 24 for example in rotational-vibrational calculations on a potential energy surface within the Born-Oppenheimer (BO) theory. 31, 35 The usage of complex absorbing potentials [36] [37] [38] has been a popular technique in molecular spectroscopy and quantum reaction kinetics with many applications. [39] [40] [41] There exist also more involved and specialized approaches, such as the solution of the Faddeev-Merkuriev integral equations.
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The present work is organized as follows. First, the necessary theoretical framework is described for the variational solution of the Schrödinger equation for bound states of fewparticle systems. Then, this approach is extended for the identification and calculation of quasi-bound states. Next, numerical examples are presented for the three-particle Ps − and the four-particle Ps 2 . Finally, the description of excited bound and resonance rovibronic states of the four-particle H 2 is explored. In the end, we finish with a summary and outlook.
pre-BO Figure 1 : Motivation for this work: calculation of rovibrational levels corresponding to electronically excited states, which are bound in the Born-Oppenheimer description but which appear as resonances in pre-Born-Oppenheimer molecular structure theory.
Theory and computational strategy
The Schrödinger equation for an (n p + 1)-particle system with m i masses and q i electric charges assigned to the particles isĤ
with the non-relativistic quantum Hamiltonian in Hartree atomic unitŝ
written in laboratory-fixed Cartesian coordinates r = (r 1 , r 2 , . . . , r np+1 ).
In the present work we use the bound-state variational approach of Ref. 44 and (a) combine it with the stabilization technique to quickly identify long-lived resonances; and (b)
extend it with the complex coordinate rotation method to calculate resonance energies and widths.
Variational pre-BO calculations using explicitly correlated Gaussian functions and the global vector representation
The overall translation of the center of mass is eliminated by writing the kinetic energy operator in terms of Jacobi Cartesian coordinates and the translational kinetic energy of the center of mass is subtracted. As an alternative to this approach, the original laboratory-fixed Cartesian coordinates can be used throughout the calculations without any further coordinate transformation employing a special elimination technique for the overall translation during the evaluation of the matrix elements.
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The matrix representation of the translationally invariant Hamiltonian is constructed using a symmetry-adapted basis set defined as follows.
A basis function with the quantum numbers
. .) (a, b, . . . label the particle type) is constructed as
ε iPi is the symmetrization and antisymmetrization operator for bosonic and fermionic-type particles, respectively.P i (i = 1, 2, . . . , N perm ) is an operator permuting identical particles and ε i = −1 ifP i corresponds to an odd number of interchanges of fermions, otherwise, ε i = +1.
The spatial part of the basis functions with natural parity, p = (−1) N , is constructed using explicitly correlated Gaussian functions [47] [48] [49] [50] [51] and the global vector representation [52] [53] [54] as
where thev = v/|v| unit vector points in the direction of the global vector, v = 
Then, the resulting Φ [λ,ς] basis function has the quantum numbers of the non-relativistic quantum theory (it is "symmetry-adapted") and contains free parameters, which can be optimized for an efficient description of the "internal structure" of a system. The free parameters of the spatial function, 4, are K, α: α ij (i = 1, . . . , n p + 1, j = i + 1, . . . , n p + 1), and 1 N denotes here the total spatial (orbital plus rotational) angular momentum quantum number in agreement with the recommendations of the International Union of Pure and Applied Chemistry. 46 We note that in Ref. 44 the symbol L was used in the same sense. Furthermore, p is the parity, which we call "natural" if p = (−1)
N and "unnatural" if p = (−1) N +1 . In this work we restrict the discussion to natural-parity states. The total spin quantum number for particles of type a is S a . For example, S p and S e denote the total spin quantum numbers for the protons and the electrons, respectively. We only note here that for the positronium molecule, Ps 2 , as a special case studied in this work, the entire basis function was additionally adapted to the charge-conjugation symmetry of the electrons and the positrons.
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The matrix elements of the kinetic and potential energy operators corresponding to the basis functions with natural parity, 3-4, were evaluated with the pre-BO program according to Ref. 44. Since the basis functions are not orthogonal we have to solve a generalized eigenvalue problem Hamiltonian matrix, H ′ , were carried out by using the LAPACK library routines.
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The computational efficiency and usefulness of the variational approach described depends on the parameterization of the basis functions (the choice of the values of K I , α I , u I for the basis functions I = 1, . . . , N b ). For bound-state calculations we adopted the stochastic variational approach 54, [59] [60] [61] [62] for the optimization of the basis function parameters. The (quasi-)optimization of the parameter set is a very delicate problem and our recipe includes the following details: 44 (a) a system-adapted random number generator is constructed using a sampling-importance resampling strategy for the generation of trial parameter sets; (b) the acceptance criterion of the generated trial values is based on the linear independence condition and the energy minimization requirement (relying on the variational principle);
(c) the selected parameters are fine-tuned using a simple random walk approach or Powell's method.
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Furthermore, once a parameter set has been selected or optimized for a system with some quantum numbers it can be used, "transferred", to parameterize basis functions for the same system with different quantum numbers ("parameter transfer approach"). It is important to emphasize that the basis functions are not transferred, since they have different mathematical form for different quantum numbers, but only the parameter set is taken over from one calculation to another.
Calculation of resonances
The bound-state pre-BO approach described was extended for the calculation of resonance states as follows. First of all, without any change of the computer program, we looked for the quasi-stabilization of higher-energy eigenvalues (higher than the lowest-energy threshold) of the real eigenvalue problem. This application of the stabilization technique 25-27 is a simple, practical test for identifying possible quasi-bound states and was found to be useful as a first check of the higher-energy eigenspectrum. By making full use of the stabilization theory both the resonance energies and widths could be calculated from consecutive diagonalization of the (real) Hamiltonian matrix corresponding to increasing number of basis functions, which cover increasing boxes of the configuration space.
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Instead of using this approach, the complex coordinate rotation method (CCRM) 23, 24, [32] [33] [34] was implemented for the calculation of resonance parameters, energies and widths. The resonance parameters were determined by identifying stabilization points in the complex plane with respect to the coordinate rotation angle and (the size and parameterization of) the basis set. The localized real part of the eigenvalue, Re(E), was taken to be the resonance energy, and the imaginary part provided the resonance width, Γ = −2Im(E), which is inversely proportional to the lifetime, τ = /Γ.
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Implementation of the complex coordinate rotation method for the Coulomb
Hamiltonian The complex scaling of the coordinates r → re iθ translates to the replacement of the HamiltonianĤ =T +V witĥ
The matrix representation ofĤ(θ) is constructed with the matrices ofT andV evaluated by the pre-BO program. 44 Then, the eigenvalue equation forĤ(θ) reads as
where S is the overlap matrix of the (linearly independent) set of basis functions. S is eliminated from the equation similarly to the case of the real generalized eigenproblem, 5,
with
and
The complex symmetric eigenvalue problem, 8, is solved using the LAPACK library routines. 58 9
Numerical results
The first numerical applications of our implementation were carried out for the notoriously non-adiabatic positronium anion, Ps − = {e − , e − , e + }, and for the positronium molecule,
The reason for the choice of these systems was of technical nature:
we observed in bound-state calculations 44 that it was straightforward to find an appropriate parameterization of the basis set for the positronium complexes. Furthermore, comparison of the results with earlier calculations 27, 42, 64, 65 allowed us check the developed computational methods and gain experience in the localization of the real and imaginary parts of the complex eigenvalues using the complex coordinate rotation method.
While for the bound-state calculations the basis function parameters were optimized for the lowest-energy level(s) using the variational principle, this handy optimization criterion was not available in the CCRM calculations. Thus, we used optimized bound-state basis sets and enlarged them with linearly independent basis functions for the estimation of the resonance parameters.
Next, we investigated the calculation of some of the excited states of the H 2 molecule.
The construction of a reasonably good parameterization for the basis set has turned out to be a challenge. Nevertheless, we describe the essence of our observations and give calculated resonance energy values and approximate widths for the lowest-lying excited states beyond the 3Sup repulsive electronic state embedded in the H(1)+H (1) continuum.
Ps
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In 1 bound-and resonance-state parameters (N = 0, p = +1) are collected, which were obtained in this work. The basis sets were generated using the energy minimization and the linear independence conditions using a random number generator set up following the strategy described in Ref. 44 . The parameters for the largest basis sets used during the calculations are given in the Supporting Information. The generated basis sets were appar-ently large and flexible enough to obtain resonance states not only beyond the first, but also beyond the second, and the third dissociation channels which correspond to Ps(1) + e − , Ps(2) + e − , and Ps(3) + e − , respectively. As to the accuracy, the (real) variational principle, directly applicable for bound states, is not useful for the assessment of the resonance parameters. Instead, we used benchmarks available in the literature resulting from extensive three-body calculations using Pekeris-type wave functions with one and two length scales 64 and from the solution of the Fadeev-Merkuriev integral equations for three-body systems.
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First of all, the present results and the literature data are in satisfactory agreement.
Our results could be certainly improved by running more extensive calculations with larger basis sets. Instead of going in this direction, a careful comparison is carried out with the reference data in order to learn about the accuracy and convergence behavior of our approach.
The results are often in excellent agreement with the benchmarks but in some cases the lifetimes are orders of magnitude off. It can be observed that the calculated lifetimes are worse when the real part of the complex energy was determined less accurately (and given to less significant digits in 1). The inaccuracy appears in both the real and the imaginary parts and is about of the same order of magnitude compared to the absolute value of the complex energy. Thus, if the widths are expected to be very small and the real part can be determined only to a few digits, the width should be considered only as a rough estimate to its exact value. This observation can be used later in this work also for the assessment of the calculations carried out for the four-particle Ps 2 and H 2 . 
Ref. b N, p, and S − : total spatial angular momentum quantum number, parity, and total spin quantum number of the electrons, respectively. c Re(E) and Γ: resonance energy and width with Γ/2 = −Im(E) calculated in this work. bound states, and thus a detailed spectroscopic investigation of its structure and dynamics is possible only through the detection and analysis of its quasi-bound states.
In our list of numerical examples, the positronium molecule is unique because, in addition to the spatial symmetries, its Hamiltonian is invariant under the conjugation of the electric charges. In order to account for this additional property, the basis functions, 3-4, were adapted also to the charge conjugation symmetry. [55] [56] [57] 65, 68 As a result, the total symmetry-adapted basis functions and also the calculated wave functions are not necessarily eigenfunctions for the total spin angular momentum of the electrons or that of the positrons,
Nevertheless, the total spatial angular momentum quantum number, N, the parity, p, as well as the charge-conjugation parity, c = +1 or −1, are always good quantum numbers.
The parameterization strategy of the basis set was similar to that used for Ps 
Ref. Toward the calculation of rovibronic resonances of H 2 Next, our goal was to explore how the lowest-lying resonance states of H 2 can be calculated in a pre-Born-Oppenheimer quantum mechanical approach. It could be anticipated that one of the major challenges in this undertaking would be the parameterization of the basis functions, which was already in the bound-state calculations more demanding for H 2 than for Ps 2 . 44 In the bound-state calculations the optimized parameters were fine-tuned in repeated cycles. The entire parameter selection and optimization procedure relied on the variational principle and the minimization of the energy.
According to the spatial and permutational symmetry properties of the H 2 molecule, there are four different blocks with natural parity
B4: "3Sup block":
which can be calculated in independent runs with our computer program using basis functions with the appropriate quantum numbers, 3-4. The lowest-energy levels of the first three blocks correspond to bound states, while the last block starts with the H(1)+H (1) continuum. In the BO picture the 3Sup electronic state is repulsive 70 and does not support any bound rotational-vibrational levels (see 3 and 3). Then, one of our goals was the identification of the lowest-energy quasi-bound states in the 3Sup block.
During the calculation of the lowest-energy resonances of Ps 2 , the basis function parameters were generated randomly using a system-adapted random number generator.
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Unfortunately, this simple strategy for the H 2 resonances was not useful.
The energy minimization criterion for the lowest (few) eigenstates was not useful neither, since it resulted only in the accumulation of functions near the H(1)+H(1) limit, the lowest energy levels in the 3Sup block, and the higher-lying quasi-bound states were not at all described by the basis sets generated in this way.
Then, our alternative working strategy was the usage of the parameter transfer approach (described in Section "Theory and computational strategy" and in Ref. 44) . In this approach a parameter set optimized for a bound state with some quantum numbers, "state A", is used to parameterize the basis functions corresponding to another set of quantum numbers and functions. In addition, 1 000−1 000 basis functions were generated and less tightly optimized for the lowest-energy levels of the 3Sup block with N = 0 and 1. Using this large parameter set, P L , 15 500 basis functions were constructed for all possible quantum numbers of the four blocks, B1-B4, with N = 0, 1, and 2. In each case the resulting basis set was found to be linearly independent. The complete parameter set is given in the Supporting Information.
The proton-electron ratio was m p /m e = 1 836.152 672 47 throughout the calculations. In the case of the a 3 Σ + g N = 1, 2 energy levels the presented energy values obtained in this work are lower than the lowest energies values published.
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Based on this overview, we can conclude that the parameter set, P L , performs well for the lowest-lying bound-state energy levels and also contains basis functions optimized for an approximate description of the H(1)+H(1) continuum. Then, we can hope that the application of this parameter set in the CCRM calculations for the description of the related or just energetically nearby-lying quasi-bound states will be useful. can be calculated to these levels, for example using the recently developed nonadiabatic perturbation theory by Pachucki and Komasa.
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The lifetimes of rotational-vibrational levels corresponding to the e 3 Σ + u state were measured in delayed coincidence experiments, 84 which include both the radiative and predissociative decay channels accessible from these levels. In the same work the competition of the two decay channels were investigated using ab initio (full configuration interaction electronic wave functions using Gaussian-type orbitals and an accurate adiabatic potential energy curve 70 )
as well as quantum defect theory with a one-channel approximation. We have shown that the random generation of parameters can be improved using the parameter-transfer approach assuming that there are bound states of comparable internal structure to the quasi-bound states to be calculated. In the case of H 2 the presented calculations could be improved by the tight optimization of parameter sets for the lowest-lying bound states with unnatural-parity, p = (−1) N +1 , and by the inclusion of also these parameters in an extended parameter set.
Then, another technically straightforward, but computationally more demanding option is the optimization of parameters not only for the lowest-lying states of a symmetry block (1) 82 The non-relativistic energy of two ground-state hydrogen atoms is given in square brackets. e Born-Oppenheimer electronic-and vibrational-state labels. The (approximate) rotational angular momentum quantum number, R, is also given. f The lowest-energy eigenvalue of the real Hamiltonian obtained with the largest parameter set and with the given quantum numbers.
Summary and outlook
The present work was devoted to the calculation of rotational-vibrational energy levels corresponding to electronically excited states, which are bound within the Born-Oppenheimer (BO) approximation but appear as resonances in a pre-Born-Oppenheimer (pre-BO) quantum mechanical description.
In order to calculate resonance energies and widths, corresponding to predissociative lifetimes, the pre-BO variational approach and computer program of Ref. 44 was extended with the complex coordinate rotation method (CCRM). Similarly to the bound-state calculations, the wave function was written as a linear combination of basis functions which have the non-relativistic quantum numbers (total spatial-rotational plus orbital-angular momentum quantum number, parity, and total spin quantum number for each particle type).
The basis functions were constructed using explicitly correlated Gaussian functions and the global vector representation.
This pre-BO-resonance approach was first used for the three-and four-particle positronium complexes, Ps − = {e − , e − , e + } and Ps 2 = {e − , e − , e + , e + }, respectively. These applications allowed us to test the implementation and gain experience in the identification of resonance parameters. For the dipositronium, Ps 2 , we managed to improve on some of the best available results reported in the literature.
Then, the developed methodology and technology was employed for the four-particle molecule, H 2 . First, the rovibronic states known in the literature were collected and considered which were accessible in our calculations with various sets of (exact) quantum numbers of the non-relativistic theory. The experimental and theoretical energy values of the literature were also used for the assignment of our calculated energy levels with the common BO terminology of electronic and vibrational state labels.
As to the computational part, we had to find a useful parameterization strategy for the basis functions. Since the bound-state parameter-optimization approach relied on the energy minimization condition and the (real) variational principle, it was not directly applicable for making the CCRM calculations more efficient. A simple and practical solution to the parameterization problem was the parameter-transfer approach, the basis functions used to describe low-energy resonances of some symmetry were parameterized with optimized parameters of (high-energy) bound states. As a result, a large parameter set was constructed, which was compiled from parameters optimized for different symmetry blocks. The parameterization of basis functions, which have mathematical forms defined by the exact quantum numbers, with this extended parameter set immediately lead to an improvement for the best available energy values available in the literature for the lowest-lying rotational states assigned to the Then, using this extended parameter set low-energy rovibronic resonances became accessible beyond the 3Sup repulsive electronic state, embedded in the H(1)+H(1) continuum.
Based on these calculations, resonance energies were evaluated and resonance widths were estimated for the lowest-lying rotational-vibrational levels of the electronically excited e 3 Σ + u and c 3 Π + u states. We note here that the coupling of the rotational and orbital angular momenta was automatically included in our computational approach by specifying only the total spatial angular momentum quantum number, N. Although the presented results improve on the best available (BO and adiabatic) calculations in the literature for these states, to pinpoint the resonance energies and especially the widths more extensive calculations are necessary.
As to further improvements, the major present technical difficulty is the efficient parameterization of the basis set for resonance states. A generally applicable solution to this problem would be a useful application and implementation of a complex analogue for the real variational principle. In the lack of such a general solution, optimization of large parameter sets for bound (excited) states together with the parameter-transfer strategy might be appropriate for the calculation of a larger number and/or more accurate rovibronic resonances of H 2 . In addition to the improvement of the parameterization strategy, a generally applicable analysis tool would also be desirable which provides an assignment for the pre-BO wave function with the common BO electronic-and vibrational-state labels where such an assignment is possible.
